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1. Introduction

Circuit breakers in financial markets based on indices are widely implemented in many
countries (e.g., the United States, France, Canada, and China) as one of the measures
aimed at stabilizing market prices in bad times. In most of these markets, when the
percentage decline in a market index reaches a regulatory threshold, the circuit breaker
is triggered and trading is halted for a period of time for the entire market. Recent
COVID-19 fears triggered circuit breakers multiple times across many countries including
the United States, Japan, and South Korea. For example, circuit breakers on the S&P
500 were triggered twice during the week of March 9, 2020 and plunged almost 10% on
March 12, 2020. In a dramatic move, Chinese regulators removed a four-day-old circuit
breakers rule after it was triggered twice in the week of January 7, 2016. The existing
literature on circuit breakers (e.g., |Chen, Petukhov, and Wang| (2017)), Greenwald and
Stein| (1991)), Subrahmanyam| (1994))) has examined the impact of circuit breakers on the
return and volatility of a stock index as a whole. One open question is whether circuit
breakers can adversely affect stock return contagion and volatility contagion and thus
increase the systemic risk in bad times. In this paper, we develop a continuous-time
equilibrium model to shed some light on this important issue.

Contrary to the regulatory goals, we show that in bad times, circuit breakers can cause
crash contagion, volatility contagion, and can increase cross-stock return correlations
and market volatility. Our model suggests that market-wide circuit breakers may be a
source of financial contagion and a channel through which idiosyncratic risks become
systemic risks[l] In particular, the circuit breakers might have significantly exacerbated
the multiple market plunges and the extreme volatilities triggered by the COVID-19
pandemic. Our findings can also help explain the concurrence of the implementation of
the circuit breakers rule and the significant market tumble in the week of January 7, 2016
in Chinese stock markets. We propose an alternative circuit breaker approach based on
individual stocks (rather than an index) that does not cause either correlation or any
contagion

In our model, investors can invest in one risk-free asset and two (groups of) risky

assets (“stocks”) with independent dividend processes to maximize expected utility from

'In a previous version, using a simple 3 period model we show that all the main results hold. To save
space, we do not include it in this version, but available from the authors.

2Needless to say, circuit breakers may play a positive role in stabilizing markets. For example, they
may reduce the effect of overreaction, panic, and herding on stock prices. Our model does not consider
some potential benefits of market closure that can potentially justify the imposition of circuit breakers
and is designed to shed light on some potential costs of imposing circuit breakers.



their final wealth at time T'. Investors have stochastically heterogeneous beliefs about the
expected growth rates of the dividends. To cleanly identify the role of circuit breakers
in causing contagion and correlations, we assume that the investors have exponential
preferences: As a result, in the absence of circuit breakers, the equilibrium stock returns
would be independent. The stock market is subject to a market-wide circuit breaker rule
which stipulates that if the sum of the two stock prices (the index) reaches a threshold,
the entire stock market is closed until 7.

The intuitions for our main results that circuit breakers can cause crash contagion
and volatility contagion, and can increase return correlations and market volatility are as
follows. After the circuit breaker is triggered, the market is closed, and thus risk sharing
is reduced, which in turn causes stock prices to be likely lower than those without market
closure. Before the circuit breaker is triggered, when an idiosyncratic negative shock to
the price of one stock occurs, the sum of stock prices (in general, the index of the market)
gets smaller, the probability of reaching the circuit breaker threshold increases, and thus
the price of the other stock may also decrease in anticipation of the more likely market
closure. This link through the circuit breaker induces the positive return correlation,
even though stocks would be independent in the absence of the circuit breaker. When
the idiosyncratic shock is large, and thus the index gets close to the circuit breaker, this
increase in the correlation is even greater because the likelihood of a market closure is
much higher. In the extreme case where one stock crashes and the circuit breaker is
triggered, the price of the other stock with an otherwise continuous price process must
jump down to the after-market-closure level. This results in crash contagion. After some
stocks fall in prices, the index gets closer to the circuit breaker threshold, other stock
prices also fall due to the fear of the more likely market closure, which in turn drives the
index even closer to the threshold, and so on. It is this vicious cycle that may increase
market volatility. In addition, as one stock becomes more volatile (e.g., due to an increase
in the volatility of its dividend), the likelihood of triggering the circuit breaker becomes
greater, and thus the prices of other stocks also become more volatile. This explains why
a crash of one stock may cause another stock to crash and volatility can transmit across
stocks even though stocks would be independent in the absence of circuit breakers. These
contagion effects may transform idiosyncratic risks into systemic risks.

Our results suggest that to reduce the contagion effects and the systemic risks, it is
better to impose circuit breakers on individual stocks. In this alternative approach, the
threshold is based on individual stock returns: when a stock’s circuit breaker is triggered,

only trading in this single stock is halted. This alternative approach does not increase



correlations or cause any form of contagion. We show that with this alternative approach,
stock prices are generally higher, a market-wide large decline is less likely, and systemic
risk is lower, compared to those with circuit breakers imposed on an index.

In the model, we assume there are only two stocks in the index on which the circuit
breakers are based. One possible concern is that in practice indices typically consist of
hundreds of stocks (if not more) and therefore it is unlikely that one stock’s fall would
trigger the fall of many other stocks. On the other hand, in bad times, markets typically
focus on a small number of key factors such as Federal Reserve decisions and major
economic news. Each of the two stocks in our model represent a large group of stocks
that are significantly exposed to a common risk factor in bad times. When there is a bad
shock in the risk factor, the prices of the large group of stocks go down, which can drag
down another large group of stocks through the circuit breakers connection even though
the latter group of stocks is not exposed to the risk factor.

Our paper is motivated by the seminal paper Chen, Petukhov, and Wang (2017)).
Using a dynamic asset pricing model with a single stock (index), (Chen, Petukhov, and
Wangj (2017)) are the first to show in a dynamic equilibrium setting that, contrary to some
of the main goals of regulators, a downside circuit breaker may lower stock price, increase
market volatility, and accelerate market decline (which they call the “magnet effect”).
Different from their focus and findings, this paper focuses on the cross-stock contagion
effect of circuit breaker rules using a dynamic equilibrium model with multiple stocks
and possibly discontinuous stock prices. We show that, in the presence of jump risk, a
crash in one stock can cause a crash in an otherwise independent stock. In addition, in
Chen, Petukhov, and Wang| (2017) the main mechanism through which circuit breakers
affect price dynamics is the difference in leverage before and after market closure. Before
market closure, investors face no constraints on leverage, but after market closure they
cannot lever at all. As a result, investors need to completely unlever when the circuit
breaker is triggered, which magnifies the effect of the market closure. In this paper,
there is no constraint on leverage either before or after market closure. In contrast, the
main economic mechanism that drives our results is the circuit breakers’ contagion effect
instead of the leverage constraint effect. Our results suggest that, even in the absence of
leverage constraints, circuit breakers can still have a large impact on price dynamics.

Among other theoretical work related to circuit breakers, |Greenwald and Stein| (1991))
show that in a market with limited participation, circuit breakers can help coordinate
trading for market participants. Subrahmanyam| (1994) demonstrates that circuit break-

ers can increase price volatility because investors may shift their trades to earlier periods



with a lower liquidity supply if there is information asymmetry. [Hong and Wang| (2000))
examine the impact of periodic exogenous market closure on asset prices and show that
their model produces rich patterns of trading and returns consistent with empirical find-
ings.

Many empirical studies find evidence against advocates of circuit breakers (including
market-wide circuit breakers, price limits, and trading pauses). For example, exploiting
Nasdaq order book data, Hautsch and Horvathl (2019)) show that trading pauses cause
extra volatility and reduce price stability and liquidity after the pause, but enhance
price discovery during the break. |[Kim and Rhee (1997) find evidence from Tokyo Stock
Exchange data suggesting that the price limit system may be ineffective in the sense that
price limits may cause higher volatility levels, prevent prices from efficiently reaching their
equilibrium level, and interfere with trading. [Lauterbach and Ben-Zion| (1993) examine
the behavior of the Israeli stock market to study the performance of circuit breakers
during the October 1987 crash. They find that circuit breakers reduced the next-day
opening order imbalance and the initial price loss; however, they had no effect on the
long-run response. |Lee, Ready, and Seguin| (1994)) examine the effect of firm-specific New
York Stock Exchange (NYSE) trading halts and find that trading halts do not reduce
either volume or price volatility during the post-halt period. |Goldstein and Kavajecz
(2004) focus on the NYSE during the October 1997 market break and demonstrate the
magnet effect, that is, an acceleration of activity approaching the market-wide circuit
breaker Pl

Unlike the existing literature, this paper studies impacts of market-wide circuit break-
ers on the dynamic interactions among multiple stocks. Even though circuit breakers are
designed almost exclusively to stabilize markets in bad states, we find that market-wide
circuit breakers can have significant crash and volatility contagion effects, especially in
bad states. To the best of our knowledge, this prediction is new to both the theoretical

and the empirical literature on circuit breakers.

3A few other studies on market halts focus on other related issues. For example, |Ackert, Church, and
Jayaraman| (2001) conduct an experimental study to analyze the effects of mandated market closures
and temporary halts on market behavior. |Corwin and Lipson| (2000) study order submission strategies
of traders around market halts, providing a detailed description of the mechanics of trading halts and
identifying traders who provide liquidity. |Christie, Corwin, and Harris| (2002) study the impact on post-
halt market prices of Nasdaq’s alternative halt and reopening procedures. Their results are consistent
with the hypothesis that increased information transmission during the halt reduces post-halt uncertainty.



2. The Model

We consider a continuous-time exchange economy over a finite time interval [0,7]. In-
vestors can trade two risky assets, Stock 1 and Stock 2, and one risk-free asset. Each of
the two stocks in our model represents a group of stocks that share the same significant
risk exposure in bad times. The risk-free asset has a net supply of zero and the interest
rate can be normalized to zero because there is no intertemporal consumption in our
model. The total supply of each stock is one share and every stock pays only a termi-
nal dividend at time 7. The dividend processes are exogenous and publicly observed.
Uncertainty about dividends is represented by a standard Brownian motion Z; and an
independent standard Poisson process N; with jump intensity x and jump size p; defined
on a complete probability space (2, F,P). An augmented filtration {F;}:>0 is generated
by Z; and N;.

There is a continuum of investors of Types A and B in the economy, with a mass of
1 for each type. For i = A, B and j = 1,2, Type ¢ investors are initially endowed with
0% shares of Stock j but no risk-free asset, with 0 < 6%, < 1 and QjAO + 603 = 1. The
probability measure Type A investors use is P4, which is the same as the true probability

measure P. Under Type A’s probability measure, Stock 1’s dividend process evolves as:
dDy ¢ = pdt + odZ;, (1)

and Stock 2’s dividend process follows a jump process with drift:
dDsy = piodt + py(dN; — kdt), (2)

where Stock 1’s expected dividend growth rate py, Stock 1’s dividend volatility o, Stock
2’s expected dividend growth rate po and jump intensity x“ are all constants, the com-
pensated Poisson process dN; — kdt is a martingale under P, and Djo=1for j =12

Relative to Type A investors, Type B investors have different beliefs about the divi-
dend process Dy ; and employ a different probability measure P?, under which the divi-
dend process Dy ; evolves as

dDyy = pp,dt + odZP, (3)

where Z is a Brownian motion under measure PP, and u’, = p + 61, for a stochastic
process 01 ( specified below) that measures the disagreement between Type A and Type

B investors about the growth rate of the dividend process D; ;. Under P?, the dividend



process Ds; evolves as
dDyy = szg,tdt + MJ(dNtB - ﬁBdt)a (4)

where under measure P?, NP is a non-homogeneous Poisson process with jump intensity
ki and jump size f17, and pi3, is Stock 2’s expected dividend growth rate. For expositional
simplicity, we assume /itB = /£A527t, where s (specified below) measures the disagreement
between Type A and Type B investors about the jump intensity of process Dy ;. Similar
to Dy4, we assume that Type A and Type B investors also disagree on the expected
growth rate of Ds,. For simplicity, we assume that this disagreement only stems from
the disagreement on the jump intensity. In other words, conditional on no jumps, Type
A and B investors agree on Stock 2's expected growth rate, i.e., u?, — k%, = po — psr?.

The Radon-Nikodym derivative between the two probability measures can therefore
be written as.

N
dPB T 61t T 6% t A T
tazi— [P =tdt 1—-02.¢)dt

= gpalre = O R e | T (5)

i=1

where t;,7 = 1,2, ... are jump times before T. We define

fT S1,t dzi— [T 5%,7& dt A fT(l 52.0)d) Nt
J— 5 - 52 J— - t
mr=e° - 0 220, =€t o : | | 02,8, -

i=1

For the disagreement process d; ¢, we assume that under the probability measure P:
d617t = —kl (51’,5 — (S_l)dt + Vlet, (6)

where 6, is the constant long-time average of the disagreement (which could be zero),
k1 > 0 measures the speed of mean reversion in the disagreement, and v is the volatility
of the disagreement []

For the disagreement process d,¢, we assume that under the probability measure P:
Aoy = —ko(02y — 02)dl + vad Ny, (7)

where &, is the constant long-time average, ko > 0 is the speed of mean reversion, and v,

“In the Appendix, we show that this 01,+ process is consistent with Kalman filtering when Type B
investors do not know the expected growth rate of Stock 1’s dividend.



is a constant jump size of the disagreement processﬂ

In this paper we focus on the market closure effect of circuit breakers, i.e., investors
cannot trade for a period of time after circuit breakers are triggered. As we show later,
stochastic disagreement is necessary for the presence of the market closure effect, because
in the absence of stochastic disagreement, investors would not trade after time zero even
when the market is always open and thus market closure would not have any impact on
asset prices. To capture the market crash risk, the fundamentals of a group of stocks
must jump down with a positive probabilityﬁ Therefore, we assume these two features
in our model.

Hereafter, we use the notation E‘[-] to denote the expectation under the probability
measure P’ for 1 € {4, B}.

To isolate the impact of circuit breakers on stock return correlations, we assume that,
for i € {A, B}, Type i investors have constant absolute risk averse (CARA) preferences

over the terminal wealth W2 at time T

where v > 0 is the absolute risk aversion coefficient. With CARA preferences, there is
no wealth effect and therefore in the absence of circuit breakers, it can be shown that
returns of the two stocks would be independent.

Trading in the stocks is subject to a market-wide circuit breaker rule as explained next.
Let S;+ denote the price of Stock j = 1,2 at time ¢ < T and the index S; = 51+ + Sa
denote the sum of the two prices (equivalent to an equally weighted index)ﬂ Define the

circuit breaker trigger time
T=1inf{t:S; < h,t€[0,T)},

where h is the circuit breaker threshold (hurdle). At the circuit breaker trigger time 7,

SWith the specialized dynamics of 2, NP is a Hawkes process in general. See |Ait-Sahalia, Cacho-
Diaz, and Laeven| (2015) and |ATt-Sahalia and Hurd| (2016)) for applications of Hawkes processes in finance.

°In the previous version, we show that when dividend Dj; is not a jump but a diffusion process with
continuous paths, similar to D; ;, our main results still hold such as increased correlations, volatility
contagion and magnet effects in the presence of circuit breakers. The only exception is crash contagion,
since no crash (a discrete change in a short time period) occurs in continuous changes of D;; or Da .
To save space, we do not include these results in this version, but they are available from the authors.

"Using a different form of the combination of the stock prices as the index would not change our main
results, as long as the index is increasing in both stock prices.



the market is closed until 7'f which results in the market closure effect. In practice, the
circuit breaker threshold A is typically equal to a percentage of the previous day’s closing
level. In this paper, we set h = (1 — «)Sy for a constant « (e.g., @ = 0.07 for Level 2
market closure in the Chinese stock markets and for Level 1 market closure in the U.S.

market).

3. Equilibrium without Circuit Breakers

As a benchmark case, we first solve for the equilibrium stock prices when there is no
circuit breaker in place in the market. Because the market is complete in this case, it is

convenient to solve the planner’s problem:

max E§[u(W7) + &nru(Wr)), (8)

subject to the budget constraint WA+W.2E = D, 7+ Dy, where € is a constant depending
on the initial wealth weights of the two types of investors.

From the first order conditions, we obtain:

1 1 1
Wit = —log(—) + =(D D 9
=9 Og(fnT)+ 2( 17+ Do), (9)
1 1 1
WE =——log(—)+ =(D Dyr). 10
T 2 Og(fnT)+2< 1,7+ Do) (10)
Given the utility function u(x) = —e™7*, the state price density under Type A investors’
beliefs is
WA 1 L _a
mft = ER[Cu (Wp)] = B [v¢e T ] = (&2 B [ - e 2 (PrrtPan)), (11)

for some constant (. Therefore, the stock price in equilibrium is given by

Ej! [77(Djr — Djy)]
E{![r7] ’

~ . ]Ez4 [W%Dj’T] . D-t .
Js

=T j=1,2. (12)
! E{'[m7]

8 Assuming that markets can reopen after being halted for a period of time would not change the
qualitative results on contagion. Quantitatively, the results are close in very bad times, because the fear
of market closure is similar whether the closure is long or relatively short in very bad times.



Since the two dividend processes are independent, Equation (12 can be simplified into

. E}r{,D . EfmgeD
Gy, = [Al,TA 1,T]7 Gy, = i [Az,TA 2,T]7 (13)
i [771,T] £ [WQ,T]
where 7{, = Ef[n}/ﬁ e~ zbur), Ty, = Ef[ni?e’%D%T]. Thus, the two prices can be

computed separately when there are no circuit breakers, which implies that stock returns
are independent.

Next, we derive the equilibrium prices in closed form for the two stocks and examine
the impact of the jump and the stochastic disagreement on the market equilibrium.

For Stock 1, the disagreement process is governed by the mean-reverting process @
The formula of equilibrium price S’U can be derived analytically and is presented in the

following proposition.

PROPOSITION 1. When there are no circuit breakers, the equilibrium price of Stock

1 1s:

. dA(t; dC(t;
Si1t= Dy + Mf(T —t)—2 ( C(Z’Y 7) + C(h ) 51,t) ; (14)

where A(t;) and C(t;7) are given in Appendiz A.

Proposition [l] shows that, in addition to the dividend payment, disagreement also
affects the price of Stock 1. As a result, the instantaneous volatility of the stock price
S‘Lt is different from that of the dividend processﬁ

To show the importance of disagreement being stochastic, we next show what would
happen if the disagreement were constant, that is, §;; = 01 for all ¢t € [0,7]. In this
case, the equilibrium price would simplify to

; it + ot

S10 = Do+ 55 (T—t)—%oQ(T—t).

Thus, the equilibrium price of Stock 1 would be determined by the average beliefs of
Type A and B investors on the expected growth rate of the dividend and the volatility of
the stock price would be the same as the volatility of its dividend. Moreover, by applying

; A _ Ef[mpwi] Tt
Ito’s lemma to the wealth process W/ = ~EAA]» We can find that the equilibrium
t T

9Tt can be shown that the instantaneous volatility of the equilibrium price SAl,t is greater than the
volatility of the dividend process D; ; when T' —t is small.

10



number of shares of Stock 1 held by Type A investors would be equal to

6a _ 11410

_ - 40 15
L9 2y g2 (15)

which implies that the equilibrium number of shares of Stock 1 held by Type B investors

would be equal to
1 1
9B — — L 2 16
P=s+s (16)

Because the number of shares held by investors in the equilibrium would be constant
over time if the disagreement were constant, market closure would not have any impact
on the equilibrium price in the case of constant disagreement. This result implies that
stochastic disagreement is necessary for circuit breakers to have any impact through the
market closure channel.

For Stock 2, an analytical expression of the equilibrium price in the case of stochastic
disagreement can unlikely be obtained. However, it can be shown that if the disagreement

02+ = 02 is a constant, then
E?[WQTDZT] :E?[n;,/jge_’YDz’T/z] ) <D2,t + (M2 - "WJ)(T - t) + K 52,UJ(T - t)e_%‘”> .

Then by Equation , we have the equilibrium price of Stock 2 as in the following

proposition.

PROPOSITION 2. When there are no circuit breakers and 624 = 0o (i.e., constant

disagreement on the jump intensity), the equilibrium price of Stock 2 is:
Soy = Doy + pia(T — t) + ™/ Sopg (T — t)e 21, (17)

Proposition [2| shows that the equilibrium price is affected by the heterogenous beliefs
through the geometric average of beliefs of Type A and Type B investors on the jump
intensity. In addition, the instantaneous volatility (square root of instantaneous variance)
of the equilibrium price under P4 is the same as that of the dividend process because
the rest of the terms in are deterministic.

Let éﬁt be the optimal shares of Stock i held by Type A investors. Then dW/* =
éftdg1,t + éétdggﬂg. Applying Ito’s formula to WA = EA[r2WA] /7" and collecting the

coefficients of stochastic terms, we obtain the optimal shares holding of Stock 2 for Type

11



A investors as follows.

R 1 1
04 = = — log 0. 18
2t~ o vty 0g 02 (18)

This shows that in the absence of circuit breakers, if the disagreement were constant,
then the equilibrium trading strategy in Stock 2 for all investors would be to buy and
hold and thus market closure would not have any impact on Stock 2 price. Therefore, as
for Stock 1, stochastic disagreement is also important for Stock 2 to capture the market

closure effect.

4. Equilibrium with Circuit Breakers

In this section, we study equilibrium prices when the circuit breaker rule is imposed in
the market. We first solve for the indirect utility functions at the circuit breaker trigger

time 7 by maximizing investors’ expected utility at 7 < T

max E [u(W] + 6 (Sir — Sis) + 05 (Sor — S27))], i € {A, B}, (19)

0.0,

1,72

with the market clearing condition 9;}7 + QfT = 1 and the terminal condition S;r = D;r,
where 6 _ is the optimal number of shares of Stock j held by Type ¢ investors at time 7,
fori € {A,B} and j = 1,2.

If the circuit breaker is triggered by a continuous decline in Stock 1’s dividend, then the
after-closure prices of both stocks will reflect their respective fundamental values because
both dividends are continuous at the trigger time and investors can trade continuously.
If there is a jump in Stock 2’s dividend, then the index level corresponding to the after-
jump dividend levels may fall strictly below the circuit breaker threshold h. To resolve
this technical issue, as what is done in practice, we assume that investors can trade both
stocks one more time to reflect the after-jump dividend levels after the circuit breaker is
triggered by a jump in Stock 2’s price caused by a jump in its dividend. [°] Therefore,
at the market closure time, both stocks can reach their fundamental values regardless of
which stock triggered the circuit breaker.

Exploiting the dynamics of D, and evaluating the expectation in the above optimiza-

10An alternative justification is that the jump can be viewed as an approximation of a deterministic
steep decline (less than but very close to a 90-degree drop) and during the fast decline, Stock 1 or Stock
2 can trade freely and reach their fundamental values.

12



tion problems, we obtain a system of equations that determine 6’;’7 fori € {A,B},j =1,2.
Then the equilibrium prices are obtained through market clearing conditions. We sum-

marize the result in the following proposition.

PROPOSITION 3. Suppose that the market is halted at a stopping time T < T.
(1) For Stock 1, the market clearing price at T is given by

fT - Dlﬂ' + /“Lf(T - T) - ’}/eﬁTO'Z(T - T)?
where the optimal share holding of Type A investors is

B A k1(r—T) . k;l_(s] o 1,61€~1(t—:r)
oA — pil—e Voo — (T -7 =)+ [ (20)
1,7 [7- + 702(7’* _ 7_) ’

with 1231 =k — 2 and

2o 1 — elir=T) 2 1 — ekilr=T) 1 _ g2ki(r=T)
PY(T T— = )+ ~7(T—T—2 = + = ).
ky ky k2 ky 2k,

I, = —yo*(1—T)+

If ky = 0, the optimal share holding is simplified mto.

1 (”)/0'2_")/I/O'(T—T>+ k151(T— )—I—TW( T)? —51,T>
TR+ .

4 ==
1,7
—vo(r = T) + % (1 — T)2 + 202

(2) For Stock 2, the market clearing price is given by
S o= Dor + (3 — k) (T = 7) + Ky (T — 7)e 10,

The optimal share holding 05 of Type A investors at T is specified in Appendiz B.2.

7_

As in the case of no circuit breakers, because dividend processes are independent and
investors have CARA preferences, the price of a stock only depends on its own dividend

process at the circuit breaker trigger time.

1Tt can be verified that as 7 — T, 0fT — % — 26’1;2’ which coincides with the optimal share holding

of Stock 1 by Type A in the case of constant disagreement.

13



4.1 Circuit Breaker Trigger Time 7

The circuit breaker trigger time 7 can be characterized using the dividend values. Because
the market is closed when the sum of prices falls below (or reaches) the threshold h, we

have

h> S5+ S5,
=Dyr+ Dor + <lﬁf‘ — 0?07+ (y — & py) + /‘@AMJG_W%ET“") (T — 7).
It follows that we may define the stopping time 7 using the dividend processes as follows.
PROPOSITION 4. Let h be the threshold. Define a stopping time
T = mf{t Z 0: Dl,t -+ D27t S Q(t)},
where
D(t) = h = (it = 1020, + (g — £*pg) + K puge %) (T = 7).
Then the circuit breaker is triggered at time T when 7 < T'.

Note that D;, + Dy, is a jump diffusion process; thus, the trigger time 7 is the first

time the jump-diffusion process hits or goes below D(t).

4.2 Equilibrium Prices before 7
After obtaining the market clearing prices and the optimal portfolios at 7, we now study
the equilibrium stock prices for t <7 AT. For i € {A, B}, let

GZ(it’? Z*)_ +G27’7

where G’LT and G , are given by , and ( } in Appendix B. It can be shown
that the indirect utlhty function of Type i€ {A, B} at 7 can be written as follows:

VIWE 1) = max EL[u(W:+6% (Sir—Si,)+05. (Sor—Ss,))] =—e 7Wrt6r (037.057))

0% 92

1,7

Then we are ready to solve the planner’s problem at time t < T A 7:

max E?[VA<W74/\77 TAT)+ é-nT/\TVB(WQ?/W'? T AT), (21)

B
WT/\T 7WT/\7'

14



subject to the wealth constraint Wi, + WE = S rar + So1nr-
Similar to the case without circuit breakers, it follows from the first order conditions

and the wealth constraint that

1 1 1 GB _GA
WA = —1 —(S . S - TAT T/\T’ 29
Thr = gy 108 ) g e S ) T (22)

1 1 1 GA _@GB
WB — __1 _ S - S - TNT TNT 23
TAT 2 Og(fﬂTAT) + 2( 117ar + Sarar) + B — (23)
In addition, the state price density under Type A investors’ beliefs is

7! = BAC(VAWT ) T AT))] = B [yGe WinrtGins)]

= CER g - e B SLTAr At OR A G )] (24)

for some constant ¢, where (VAW T A 7)) denotes the marginal utility of wealth.

Thus, the stock price at ¢ < T A 7 in equilibrium is given by

S', - ) = 17 27 (25)
7t Ef[ﬂ-’?’/\‘r]
with
D'T itr>T
Sitnr = P - 26
s { S, ifr<T (26)

In Equation , because the stopping time 7 depends on the circuit breaker threshold
h, the equilibrium prices S;; and Ss; also depend on h. On the other hand, in practice,
h depends on the initial stock prices S o and S, because h = (1 — a)(S10 + S2,0) (e.g.,
a = 0.07 for Chinese markets). Therefore, to obtain the equilibrium prices Sy and Sa,

we need to solve the following fixed point problem in S} ¢ and S5 o:

]EA[T('A S'T ]
S = QX TATINTS G — 2, 27
= TR, 0

where the right hand side is implicitly a function of the initial stock prices S and S .
The following proposition guarantees the existence and uniqueness of a solution to the

above fixed point problem.

PROPOSITION 5. If the initial equilibrium index value 5'1,0 + 5*2,0 18 positive in the
absence of circuit breakers, there exists a unique solution to the fixed point problem

in the presence of circuit breakers.
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We can then compute the trading strategies as follows. The wealth process of Type

A investors is

]EA A WA
WA = tI[éTgATA T“],t <TAT. (28)
t {WT/\T]

From the budget constraint we have
AW = 07,dS1; + 05,dSay,

where G_ﬁt and H_Qt are share holdings of Type A for Stock 1 and Stock 2, respectively.
For j = 1,2, we can recover the share holdings of Stock j at t by calculating quantities
of EMdWA - dS;], EfdSy - dSay), and E{[(dS;+)?] through simulations.

In the next section, we numerically compute the equilibrium prices and analyze the

impact of circuit breakers.

5. Impact of Circuit Breakers

In this section, we examine the impact of circuit breakers on the dynamics of the market.
The default parameter values for numerical analysis are set as follows, where daily growth
rates and volatilities are used[?] The algorithms used for the numerical analysis are

presented in Appendix F.

g1 = 0.10/250, o = 0.4, v=0.5,

k= 0.1, 510 =0, 61 =0,

2 = 0.10/250, puy=—0.25 k=1,

ky = 0.1, a0 = 1, So=1, ps5=0.5,
v=1, a=0.07, T=1.

Because 619 = 0 and d2 = 1, Type B investors initially correctly estimate the expected
growth rate of Dividend 1 and the jump intensity of Stock 2’s dividend. Since our main
goal is to examine the impact of circuit breakers in bad times when the market is volatile
and the crash probability of some stocks is high (e.g., the U.S. market in the week of
March 9, 2020 and the Chinese stock market in early January of 2016), we set the jump
frequency high and the jump size large, along with a high volatility of Stock 1’s dividend.

12We have analyzed the impact using a wide range of parameter valuee and have obtained the same
qualitative results.
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Because of the CARA preferences, the initial share endowment of the investors does not
affect the equilibrium. The circuit breaker is triggered when the sum of the two prices
(i.e., the index) first goes below the threshold (1 —«)(S1,0+ S20), i-e., drops 7% from the
initial value.

One alternative to the market-wide circuit breakers is to impose a circuit breaker sep-
arately on each stock (instead of on an index). With this separate circuit breaker on each
stock, if a circuit breaker for a stock is triggered, only the trading in the corresponding
stock is halted. For example, when the circuit breaker of Stock 1 is triggered, only the
trading of Stock 1 is halted, but trading in Stock 2 is unaffected. Obviously, with separate
circuit breakers, equilibrium prices remain independent, in sharp contrast to the case of
market-wide circuit breakers. Let S73”,j = 1,2 denote the equilibrium prices of Stock j
in this benchmark. We compare the impact of circuit breakers on the stock prices when

they are on an index and when they are on individual stocks.

5.1 Equilibrium Prices

By Propositions 1 and 2, we obtain the initial equilibrium prices 5’170 = 0.8725, §270 =
0.9703 in the absence of circuit breakers. When there are separate circuit breakers on
individual stocks, the equilibrium prices are S77 = 0.8719 and 577 = 0.9577, which
are respectively lower than those without circuit breakers. In the presence of market-
wide circuit breakers, we obtain the equilibrium prices S; 9 = 0.8652 and S = 0.9418.
The prices of both stocks with separate circuit breakers are lower than those without
circuit breakers, because market closure prevents risk sharing after the circuit breakers
are triggered. In addition, with circuit breakers on an index, the prices are even lower.

As we show later, this is because of the contagion effect of the circuit breakers on indices.

5.2 Crash Contagion

Because the circuit breaker based on a stock index is triggered when the index reaches a
threshold, a crash in a group of stocks (e.g., from a downward jump in their dividends)
may trigger the circuit breaker and cause the entire market to be closed down. As a
result, the prices of otherwise independent stocks may also jump down because of the
sudden market-wide closure. We refer this pattern of cross-stock serial crashes as crash
contagion.

Let € denote the event that a crash in Stock 2’s price triggers the circuit breakers at

7 and At be a small time interval. In Panel A of Figure [I] we plot the distribution of
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Stock 1’s price change between 7 — At and 7 without circuit breakers, with or without a
change in Stock 2’s price (green line). In Figure , we plot the unconditional distribution
of Stock 1’s price change between 7 and 7 — At (blue line), the corresponding distribution
conditional on the event € (red dashed line), and the conditional distribution of Stock
1’s price change between 7 and 7— (red line). The blue line in Figure [l| shows that
without circuit breakers, the price change of Stock 1 between 7 and 7 — At, with or
without a crash in Stock 2’s price, is normally distributed. This implies that without
circuit breakers, there is no contagion across stocks. In contrast, as the red dashed line in
Figure (1| shows, in the presence of circuit breakers, after a crash of Stock 2 that triggers
a circuit breaker, the distribution of Stock 1’s price change between 7 and 7 — At shifts
leftward significantly compared to the unconditional distribution. This distribution shift
indicates crash contagion from Stock 2 to Stock 1 in the presence of circuit breakers.
Figure [1| indicates that on average a crash of Stock 2 ’s price causes Stock 1 price to
drop, suggesting a positive correlation between the returns of the two stocks when the
market crashes. Recall that in the absence of circuit breakers, Stock 1 price is continuous
and thus Stock 1’s price change between 7 and 7— is zero. The red line of Figure
implies that in the presence of circuit breakers, not only there is contagion but also a
crash in Stock 2’s price can cause a crash (jumping down) in Stock 1’s price, i.e., circuit
breakers can result in a crash contagion. This discontinuity in Stock 1’s price is due to the
discontinuous change in the value of the stock due to the sudden market closure. Stock
1’s price jumps down because the market closure reduces risk sharing and thus increases
the riskiness of the stock.

Our findings are consistent with what happened in March 2020 in the U.S. stock
market. The circuit breaker of the U.S. market was triggered four times in March 2020.
The first one occurred at 9:34:13 am on March 9th, less than five minutes after the
market opened. The second occurred at 9:35:43 on March 12th. Four days later, the
market lasted only one second on March 16th before the circuit breaker was triggered.
The fourth time occurred at 12:56:17 pm on March 18th. To illustrate that our results
are consistent with what happened around the circuit breaker trigger time, we use high-
frequency prices of the components of the S&P 500 index during the 10 minutes before
the circuit breaker was triggered on March 18th, 2020 and sort components by their total
dollar trading volumes. Simple regression of the return of the top 25%-50% of stocks
inside the S&P 500 index on the lagged return of the top 25% of stocks suggests that, in
the market crash of March 18th, 2020, the crash of the top 25%-50% of stocks followed
that of the top 25% of stocks. Figure [2|depicts how returns of S&P 500 component stocks
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Figure 1. Distribution of changes in Stock 1’s price when the circuit breaker is triggered by a jump in Stock 2’s
price. In the presence of a circuit breaker, the distribution is skewed negatively. Results for two methods of measuring the
changes are presented. Meanwhile, in the absence of circuit breakers the price changes follows a normal distribution.

moved during the 10 minute period right before the market was halted.
Let Rt; and Rb; be the time t returns of the top 25% of stocks and the top 25%-50%

of stocks, respectively. We obtain the regression result as follows.

Rbt =—0.01+ O-5Rtt—At + O].Rtt + €,
t-stat : (—9) (10.8) (2.2)

where At equals one second. The regression result indicates that those stocks with
relatively low trading volumes followed the moves of those with high trading volumes.
While this does not prove the causal relationship, it suggests a pattern that is consistent
with the cross-stock contagion our model predicts.

A similar illustration is shown in Figure (3| for stocks in the China Securities Index
(CSI) 300 index on January 4th, 2016 when the Chinese stock market crashed. Simple
regression of the return of the top 25%-50% of stocks inside the CSI 300 index on the
lagged return of the top 25% of stocks yields

Rb, =107* + 0.78Rt;_n: + 0.25Rt; + €,
t-stat : (0.67) (2.85) (0.92)
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Figure 2. Evidence of contagion in real markets: the United States.

where At equals 3 seconds. This result suggests that, in the market crash of January 4th,
2016, the crash of the top 25%-50% of stocks followed that of the top 25% of stocks.

5.3 Increased Correlations

With circuit breakers based on indices, a discrete jump (crash) in a stock is not necessary
to adversely affect other otherwise independent stocks. Intuitively, even after a small
decline in the price of a stock, the index gets closer to the circuit breaker threshold and
thus the market is more likely to be closed early, which may lower the prices of other
otherwise independent stocks, which in turn makes the index even closer to the circuit
breaker threshold, entering into a vicious circle. This contagion magnitude is typically
smaller than that caused by a crash in a stock in normal times, but can become much
more significant and create strong correlations when the circuit breaker is close to being
triggered because of the magnified vicious circle effect. We next show that a gradual
change in the price of a stock can indeed affect the price of another stock and can also
cause high correlations among otherwise independent stocks when the index gets close to
the circuit breaker threshold.

Consistent with our intuition, Figure [4] shows that the correlation between the two

prices with circuit breakers increases significantly as the index gets close to the thresh-
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Figure 3. Evidence of contagion in real markets: China.

oldE When the index is far from the threshold and thus a market closure is unlikely,
the correlation becomes close to zero, because the correlation without circuit breakers is
zero. In addition, when the potential market closure duration is large (7" — t is large),
the impact of the circuit breakers on the correlation is even greater, because the fear of
a market closure is stronger when the potential market closure duration is longer. For
example, conditional on the same distance of 0.02 from the threshold, if it is later in the
day at t = 0.75, the correlation is 0.2, but the correlation increases to about 0.55 if it is
early in the day at ¢t = O.E

13Tn the figure, “distance from threshold” is defined as the value of the index in exceed of the threshold.
Because the equilibrium index level is determined jointly by the dividend levels of the two stocks, the
way to vary the distance is not unique. In all the figures in this paper that plot against the distance to
threshold we fix Ds; and vary D; ;. We also used alternative ways such as fixing D; ; and varying Ds ;
and find similar results.

1480 far the dividend processes are assumed to be uncorrelated and we show that a strong correlation
of the stock prices can emerge due to circuit breakers. One concern may be that if the dividend processes
are already correlated, then the additional correlation caused by the circuit breakers may be small and
thus the effect of circuit breakers in increasing correlation may be small in practice. To address this
concern, in an earlier version of the paper, we show that even when the dividends are correlated, the
presence of circuit breakers can significantly increase the correlation of stock prices further. In addition,
the presence of circuit breakers can even make negatively correlated stocks in the absence of circuit
breakers become positively correlated. This reversal is because as the index gets close to the threshold,
the common fear for market closure offsets the effect of the negatively correlated dividends and as a
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Figure 4. Instantaneous correlation.

5.4 Volatility Contagion and Volatility Amplification

Next, we show that in addition to crash contagion, circuit breakers can also cause volatility
contagion among otherwise independent stocks, i.e., an increase in the volatility of one
stock can cause an increase in that of another. Figure 5| plots the instantaneous volatility
of Stock 2 against that of Stock 1 for ¢ = 0 and ¢ = 0.25 when the index level is 0.01
above the circuit breaker threshold as we change the volatility of Stock 1’s dividend.
Figure [5| indicates that, indeed, a higher volatility of Stock 1’s dividend can cause a
higher volatility of Stock 2. Intuitively, the stock price contagion causes the volatility
contagion. As explained above, after some stocks fall in prices, the index gets closer to
the circuit breaker threshold, other stock prices also fall due to the fear of the more likely
market closure, which in turn drives the index even closer to the threshold, and so on.
This vicious cycle implies that as the price change of one stock becomes more volatile,
so does the price change of the other, resulting in volatility contagion, especially when

the index is close to the circuit breaker threshold. In addition, when the time to horizon

result the correlation turns positive. These results are not presented in the current version to save space,
but available from the authors.
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is longer (¢ = 0), the effect of the circuit breakers is greater, and therefore the degree of
contagion is larger as measured by the sensitivity of Stock 2’s volatility change to Stock
1’s volatility change (the red line slope).

One of the regulatory goals of the circuit breaker is to reduce market volatility in
bad times. Because of the volatility contagion, we conjecture that contrary to regulators’
intention, circuit breakers may increase the market volatility in bad times. Figure [0]
plots the volatility of the index with circuit breakers against the index’s distance from
the circuit breaker threshold at two different time points ¢ = 0 and ¢ = 0.5. Figure [f]
suggests that, indeed, contrary to the regulatory goal, circuit breakers can amplify the
market volatility. This is because the vicious cycle effect described above can increase

the sensitivity of stocks’ prices to dividend shocks.

Instantaneous volatilities
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Figure 5. This figure shows that volatilities of Stocks 1 and 2 are correlated in the presence of circuit breakers.

5.5 Acceleration of Market Decline: The Magnet Effect

Circuit breakers are implemented to protect the market from a fast decline. Contrary
to this intention, |Chen, Petukhov, and Wang] (2017) show in a single-stock setting that
circuit breakers can accelerate a stock price decline compared to the case without circuit

breakers. This acceleration is what is called the “magnet effect” by |Chen, Petukhov,
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Figure 6. This figure plot the ratios of volatility with circuit breakers to that without circuit breakers against the
distance from the circuit breaker threshold.

and Wang (2017). However, it is not clear how the presence of multiple stocks affects

this magnet effect. Our following results suggest that, in the presence of circuit breakers

on stock indices, the probability of falling to the index threshold compared to the case

without circuit breakers is also increased, so the magnet effect found by |Chen, Petukhov |

and Wang] (2017) is robust to a multiple-stock setting. In addition, the driving force

of the magnet effect in our setting is different from that in |(Chen, Petukhov, and Wang

(2017).

Figure |7 shows the probabilities of reaching the circuit breaker index threshold in a

given time interval with circuit breakers on the index (red line), with separate circuit
breakers on individual stocks (black dashed line), and without circuit breakers (blue
line). It suggests that the probability of falling to the index threshold when there is a
circuit breaker on the index is higher than that without any circuit breakers, which is
in turn higher than that when circuit breakers are on individual stocks. This is because

with circuit breakers on indices, when one stock goes down, the distance to the circuit
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breaker threshold is shorter and the likelihood of an early market closure is greater.
As a result, other stock prices tend to go down, which in turn drags the index further
downward, resulting in a downward accelerating vicious circle, contrary to regulators’
intention. Because of the contagion effect across stocks, the magnet effect in a model
with multiple stocks like ours can be stronger than that found in the single-stock setting
of |Chen, Petukhov, and Wang] (2017), ceteris paribus. In addition, when the potential
market closure duration is longer (e.g., at ¢t = 0), this magnet effect is even stronger.

The main driving force for the magnet effect in (Chen, Petukhov, and Wang (2017) is
the fear that one has to liquidate a levered position at the market closure time because
after market closure, leverage is prohibited by the solvency requirement. In contrast,
in this paper there is no change in the leverage level allowed before and after a market
closure. Figure 8 shows that when a separate circuit breaker is imposed on Stock 1,
the probability of reaching the circuit breaker threshold is almost the same as that in
the absence of a circuit breaker. Therefore, without the leverage effect and without the
contagion effect of circuit breakers on the index, the magnet effect is almost zero. This
suggests that different from |Chen, Petukhov, and Wang (2017)), the driving force behind
the magnet effect in our setting is the contagion effect of circuit breakers, not the leverage
constraint effect Chen, Petukhov, and Wang| (2017)).

% duration= 10 minutes, t=0 % duration= 60 minutes, t=0

Ny e

[70] (2]

) w/ cb <

= w/o cb s

e <

% 0.5 % 0.5

o e

e =t

S 0 € 0

s 0.9 1 1.1 1.2 5 09 1 1.1 1.2
~ Dividend 1 ~ Dividend 1

% duration= 10 minutes, t=0.5 % duration= 60 minutes, t=0.5

e <

[%] (%]

e o

= =

6 e

g 0.5 % 0.5

I o

=] 8

g g

s 08 0.9 1 1.1 12 & 08 0.9 1 1.1 1.2

Dividend 1 Dividend 1

Figure 7. This figure shows the probability that prices will reach the threshold with or without a circuit breaker.
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Figure 8. This figure shows the probability that prices will reach the threshold with or without a circuit breaker for
Stock 1 with a separate circuit breaker.

6. Conclusion

Circuit breakers based on indices are commonly imposed in financial markets to prevent
market crashes in bad times and reduce market volatility. We develop a continuous-time
equilibrium model with multiple stocks to study how circuit breakers affect joint stock
price dynamics and cross-stock contagion. Contrary to regulatory goals, we show that
in bad times, circuit breakers can cause crash contagion, volatility contagion, greater
volatilities, and high correlations among otherwise independent stocks. Our analysis
suggests that international market plunges triggered by the COVID-19 pandemic may
have been exacerbated by circuit breakers rules because of the contagion effect of these
circuit breakers. Market-wide circuit breakers may be a source of financial contagion
and a channel through which idiosyncratic risks become systemic risks, especially in bad
times. An alternative circuit breaker approach based on individual stock returns instead

of indices would alleviate such problems.

26



References

Ackert, L. F., B. Church, N. Jayaraman, 2001. An experimental study of circuit breakers:
The effects of mandated market closures and temporary halts on market behavior.
Journal of Financial Markets 4, 185-208.

Ang, A.) J. Chen, 2002. Asymmetric correlations of equity portfolios. Journal of Financial
Economics 63, 443-494.

Ait-Sahalia, Y., T.R. Hurd, 2016. Portfolio choice in markets with contagion. Journal of

Financial Econometrics 14, 1-28.

Ait-Sahalia, Y., J. Cacho-Diaz, Roger, J.A. Laeven, 2015. Modeling financial contagion

using mutually exciting jump processes. Journal of Financial Economics 117, 585-606.

Asai, M., M. McAleer, 2009. The structure of dynamic correlations in multivariate

stochastic volatility models, Journal of Econometrics 150, 182-192.

Buraschi A., P. Porchia, F. Trojani, 2010. Correlation risk and optimal portfolio choice.
Journal of Finance 65, 393—-420.

Chen, H., S. Joslin, N. K. Tran, 2010. Affine disagreement and asset pricing. American
Economic Review 100, No. 2, 522-526.

Chen, H., A. Petukhov, A., J. Wang, 2017. The dark side of circuit breakers, Working
paper, MIT.

Christie, W. G., S. A. Corwin, J. H. Harris, 2002. Nasdaq trading halts: The impact of
market mechanisms on prices, trading activity, and execution costs. Journal of Finance
57, 1443-1478.

Corwin, S. A., M. L. Lipson, 2000. Order flow and liquidity around NYSE trading halts.
Journal of Finance 55, 1771-1801.

Das, S.R., R. Uppal, 2004. Systemic risk and international portfolio choice. Journal of
Finance 59, 2809-2834.

Eraker, B., M. Johannes, N. Polson, 2003. The impact of jumps in equity index volatility
and returns. Journal of Finance 58, 1269-1300.

27



Goldstein, M. A., K. A. Kavajecz, 2004. Trading strategies during circuit breakers and

extreme market movements. Journal of Financial Markets 7, 301-333.

Gomber, P., M. Haferkorn, M. Lutat, K. Zimmermann, 2012. The effect of single stock
circuit breakers on the quality of fragmented markets, in International Workshop on

Enterprise Applications and Services in the Finance Industry, 71-87, Springer, Switzer-
land

Greenwald, B.C., J. C. Stein, 1991. Transactional risk, market crashes, and the role of

circuit breakers. Journal of Business 64, 443-462.

Hautsch, N., A. Horvath, 2012. How effective are trading pauses? Journal of Financial
Economics 131, 378-403.

Hong, H., J. Wang, 2000. Trading and returns under periodic market closures. Journal

of Finance 55, 297-354.

Kim, K. A., S. Rhee, 1997. Price limit performance: Evidence from the Tokyo Stock
Exchange. Journal of Finance 52, 885-901.

Lauterbach, B., U. Ben-Zion, 1993. Stock market crashes and the performance of circuit

breakers: Empirical evidence. Journal of Finance 48, 1909-1925.

Lee, C., M. J. Ready, and P. J. Seguin, 1994. Volume, volatility, and New York Stock
Exchange trading halts. Journal of Finance 49, 183-214.

Subrahmanyam, A., 1994. Circuit breaker and market volatility: A theoretical perspec-
tive. Journal of Finance 49, 237-254.

28



Appendix

A Price of Stock 1: Without Circuit Breakers

We assume that the disagreement process 0,1, is stochastic and follows Equation @
When there are no circuit breakers, the equilibrium price of Stock 1 is independent of
Stock 2 because of independent dividend processes. The price of Stock 1 can be obtained
in closed-form as follows.

We first evaluate E}[n{';]. Ignoring constants, we need to calculate
B fy/re 37 = B[] - (1)

where f(t) is a deterministic function and,

T 5 o T 52
Yir = = — )dz ——)ds.
LT /0 <20 2 ) S+/0 ( 402) N

To simplify notation, in the rest of Appendix A, we use &;, k, and ¢ to denote dy, ki,
and 6, respectively.

Conjecture F'(t,y,0,0%) = eADFTBOY+COI+HL2 EAleYT|Y, = y,0, = §], with
A(T) = C(T) = H(T) = 0 and B(T) = 1. Substituting the conjecture into the mo-
ment generating function of the process (Y;,d;) and collecting the coefficients of y, §,

and constants, we obtain four ordinary different equations:

A'(t) + %7202B(t)2 + kSO(t) + V;(C(t)? + H(t)) — %B(t)(?(t) =0,

B'(t) =0,

C'(t) = 7B + k3H() — kO(t) + COH(t)v* + -B)C(t) = T=BWH(t) =0,
# — éB(t) + BS(TQQ — kH(t) + V;H(tf - % =0.
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The solution of the ODE system is obtained as follows.

e(D+—D_)v2(t—T) -1

~ e(DF=D)2(t-T)D— _ D+

DD,

T
s 1
_ 7 g fwas _
C(t) /t e g(s)ds = A(D- = D+ BTy
( %((m + D7)eAT= _ DT _ D) (kg — %)D”LD_(eA(T_” - 1)2> ,
t 1 B U2 ,y
At) = / (—§7202 — k6C(s) — 3(0(3)2 + H(s)) + 51}00(5))&9,
T
where
v2 vk
A=y fh2 e
\/k * 202 o’
+ k=55 :i: \/ k2 20’2 %
D™ = 2 ,
J(O) ==k +0H(t) + 5
g(t) ==+ + kSH (1) = LH(2).
4 2
Then

EA[YT] = F(t,y,8,8% ) = eAO+BOuHC0s+ 16

Next, we consider the first derivative of I with respect to v to obtain E2[e¥7 Z7]. We
define

A(t;y) = A1), C(t;v) = C(1).

Note that
dB( ) dH( ) 0,
dC a2 / oSF S T ()]s,
dA t i) —o?y de'(s;y) o £ AC(s;y) wo ~yvo dC(s;7)
& /T( ) — ko & v=C(s;7) - + 5 C(s;v)+ 5 o )ds.
Hence 5 4 J
EtA[eYTZ ] = _EEE;‘[BY ] - __F(t7y757 62,7)



Finally, the stock price in the equilibrium is given by

R EA[A . D EA[xA. D aF
Sl,t _ [Al,TA l,T] _ [ 1,7 1,T] _ Dl,o +M14T . 2d_7
E; [7T1,T] F F

dA(t; d dC'(t;
(1) dy (,7)5t)
dry dry dry
dA(t, dC'(t;
( 7’7) — th + M
dry 2 dry

= Do + p T — 2(

= Do+ T — 2(

The last equality above holds because Y; = fot (3 —22VdZ,+ fot ( i )ds and Y, = y yield

" 402

dy/dy = —1/20Z;. By D1 = Dy + pui't + 0Z; (pi' is constant), we obtain

dA(t; ) N dCO(t; )
dry dry

th :Dl,t + ,UJIIA(T — t) — 2( 5t> (Al)
In case d; is constant, i.e., v = k = 0 and §; = dy, we find that dA(t)/dy = —o>v/4(t —
T) and dC(t;~)/dy = —1/4(T —t). Thus, Sy, = Dy 4+ p (T —t)+(80/2 — 02y /2)(T —t).
This is the equilibrium price of Stock 1 in the case of constant disagreement.
Since H(t) — 0 as t — T, we see that dC(t;v)/dy is negative when T — t is small.
dC(t)

Thus, it follows (A.1]) that the instantaneous volatility of the stock price o4 = o — QWV

is greater than the dividend volatility o when T — ¢ is small, given v is positive.

B Market Clearing Prices

B.1 Stock 1: Stochastic Disagreement

In the presence of circuit breakers, we cannot obtain the equilibrium price of Stock 1
directly. In this section, we derive the market clearing price of Stock 1 when a circuit
breaker is triggered and the market is closed early. Because the two dividend processes
are independent and we assume no leverage constraints when the market is halted, the
market clearing prices for the two stocks are independent of each other.

The disagreement 9, ; is stochastic following @), therefore uft = 04+ p is stochastic
as well. In the presence of a circuit breaker, we solve for the market clearing price when

the market is halted. To do so, we solve the utility maximization problem

max EA[—e W],
07,
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subject to Wit = 07 (Dyr — S1-) + W7, where W is the wealth of Type A investors at
time ¢.
Using the dynamics Dy p = Dy, + pi(T — 1) + o(Zr — Z,), we obtain the optimal

portfolio of agent A as follows.

Dl,‘r - SQ,T + /’L114<T — T)

07 = B.1
1,7 702 (T . 7_) ( )
Next, we study the utility maximization problem of agent B:
max EB[_6_7(WTB+BET(DI,T_SI,T))]‘
o5 7
We first prove the following lemma.
Lemma B1. Suppose 6 is a constant, then
EB[e=19D17] — AWO+BGLOD1LHCE00:
where
A o? 1 - 1 — eh(t=1)
A(t.6) =103t = T) = G260 = ) + = (10081 + v )T — ¢ = =)
1 1
2,202 1 _ k1(t—T) 1 2k1 (t—T)
(Tt ),
2k; k1 2k,
B(t,0) = —~0,
—~0 N
O(t,0) = =12 (1 — eh =Dy,
Ky
with ky = ky — v/o. In particular, if ki = 0, then
2 1 - 2,202
A(t,0) = v0ui(t — T) — %7292(15 — T) + 5(—76kdy +6%v0)(t — T)? Y “é (t —T)?,

B(t7 9) = _767
C(t,0) = 40(t — T).

Lemma can be proved by using the moment generating function of process D;; and

0; and solving an ODE system. Detailed deviations are omitted here.
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By the lemma,

EB[_e*'Y(WTBJr%B,T(Dl,T*SLT))] — e WWE JAWOL )HC (0 )01, =07 (D17 =S1,7)
-

Then the FOC with respect to QET yields that

DA(r,08)  9C(r,08)

S1-—7D1+ b1, =0
Vo1 — Y1 + 207, + 907, 1,
or
1 ~ _ k 1 _ ]z:l(T—T)
Siy— Dy +pl(r—T)— —(1— s 5T —7— =5 )4 98 I(7) =0,
k‘l kl kl ’
(B.2)
where
9 1 — ek1t=T) 2 1 — Ft=T) 1 _ g2ki(t=T)
I(t) = —yo2(t-T)+ L (r—t—=— yfZ o= 427
]{}1 kl k% k'l 2k1
It follows ([B.1]) that
Si; =D+ (T —7)— eﬁT’yUQ(T — 7). (B.3)

Together with (B.2) and the market clearing condition 0. + 67 = 1, we obtain the
optimal share holding of Type A for Stock 1 at the time of market closure.

~ . T ok _el.c (r=T)
e (1= MO = 6 (T —t = =) + I(7) (B.4)
Lr = 1(r) +~0%(T — 1) | |

Therefore, we find the market clearing price S; . by 1) where QfT = 9{17’: given by
B,

In particular, in the case ky = 0 (or ky = v/0),

gie _ 1 (w — wo(r —T) + Lkdy (1 = T) + L2 (7 — T)? —51,T>
1, — )
20

—vo(r —=T) —|—”—32(7'—T)2—|—
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and substituting it into (B.1)), it follows that

Sl,‘r = Dl,‘r + :uf(T - T)

yo? —qvo(r = T) + 3k(r = T) + 5 (r = T)* - 51’702(7 — ).

+ 2
—vo(T —=T)+ % (1 —T)*+ 20?

Finally, it is worthy mentioning that S; . may not be larger than S’LT (the equilibrium
price in the absence of circuit breakers at time 7). In fact, for a relative large positive
do and small v (say, less than half of the volatility o), the coefficient of ¢; in can
always be less than the coefficient of d; in the formula of SLT. Thus, along with a small
7, we can always have S , < 31,7. Under these conditions, the market clearing price with
circuit breakers can always be smaller than the price without circuit breakers at time 7.

Denote the market clearing price of Stock 1 by S7,. Then by ,

St = Dis+ i (T —7) =077 0*(T — 7).
In addition, we obtain the value function of Type B investors:

_ B B _ _ B _ B
VlB(T, WTB) — max]Ef[e YWZ+01 (D17 51,7))] — e W7, wGl,T7
QB

1,7
where —yG{, = =07 (D1, — Sa,) + A(7, Qf;*) + C(T, 95’:)5177, or
B B, x 1 B,x 1 B, x
Grr =017 (D1 — S2r) — :YA(T’ 07) — ;C(Tj 017 )01z, (B.5)
and the value function of Type A investors:

_ A pA _ _ A _ A
VlA(T, WTA) — max Ef[e YW 4601 (D17 51,7))] — e Woe le,T’
A

1,7

2/nA,*x\2 2(pAr*\2
where — G, = —Vﬁﬁ;*(Dl,T—SLT)—vﬁﬁ;*uf(T—T)—l—’y (9;’7) o (T—7) = 2 (9;‘) o?(T—
T), or
A xy\2 A2
. . 1(017) 1(017)
Gh = 00 (Dyy — 1)+ 00t (1 — ) = DO oy TS oy
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B.2 Stock 2: Stochastic Disagreement on Jump Intensity

Note that for Stock 2 there is disagreement on the jump intensity of dividend process

Dy, which follows
dDyy = (pty — Njpuy)dt + N3, i = A, B. (B.7)

In this Appendix, we derive the market clearing price S5, of Stock 2 when a circuit
breaker is triggered.

Recall that 8y, = k2 /k* satisfies a mean-reverting process as follows.
d0g; = k(0o — 02)dt + pisdN;. (B.8)

Suppose that the circuit breaker is triggered at 7 < 7. The individual optimization
problem of Type i € {A, B} investors at 7 is:

V3 (W7, 7) = max E; [~ exp(—y(W; + 0y (Do — S2.0))), (B.9)

2,7

subject to the market clearing condition GQT + 92% = 1, where W? is the wealth owned

by Type ¢ investors at time 7. Note that
E:[u(WE + 0 (Do — Sa,))] = —e W e1hrSar Bl [ D],
For Type A agents we have

E![e"%:P27] = exp{—~04 Dy, + (7 — T)((1f — 64 ps)705, — k4 (%% — 1))}
(B.10)

and for Type B agents we have

EP[e7%+P27] = exp{—~03 . Ds + V. g(1; —705.) + / (=02, (15 — K2 10s)) + ko6 g(s; —703)ds}

= cap(—yME), (B.11)
where function g(¢; ) satisfies

g (t; ) + w190 1) — kyg(t;a) = 0, (B.12)
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with ¢(T") = 0.
To solve the optimization problem (B.9), we find the first order conditions with respect
to 05 . for j € {1,2},i € {A, B} as follows.

DQ,T - SQ,T + (T - T)(/'L124 - I{AMJ + HA,uJe_V%A’TMJ) = 07 (B]'S)
dg(7; ) ’ 0g(s;a)
D27T - 5277' + 5QT|04:—79£T + /T (H? - K“AMJ) + k25 dav |a:—7957>d5 = Oa
(B.14)
where g,(t) := % satisfies an ODE as follows.
! A apg+psg(t) —
9o (t) + ke (g + p6ga(t)) — kaga(t) =0, (B.15)

with g,(T") = 0.

Along with the market clearing condition: 95‘7T + 607 = 1, we can solve the optimal
share holdings 63, = 0; 507, = 95 ;" and the market clearing price Sy, = S5 from
and . No explict solutions like for Stock 1, we rely on numerical solutions
in practice.

By |) the market clearing price of Stock 2 can be expressed by 9;;*;
S;,T - D27T + (,LL124 - KJA/,I,J)(T — 7-) —+ HAMJ(T . 7')6779;,:”']'

Define

A
Gy = B3pta(T = 7) 4 03, (Do = S5,) = (T =) 1), (BG)

B B B,x oc
GZ,T - MQ,T - 92,7 S

2,7

where M _is defined in (B.11). Then by (B.10) and (B.11), the value function of Type

i investors at 7 can be expressed in terms of W2 _and G} _ as follows.
ViWE ) = —e W% i € {A, BY.

By the expressions of G§ and G¥_, it is useful to notice that S5+ G35, + G5 does

not depend on S5 directly. The quantity depends on the optimal share holdings at 7:

A% B,
03 and 0.

36



C Learning and Heterogeneous Beliefs

Suppose
th = ,utdt + O'dZt.

The dividend Dy is observable but the growth rate p; is not. Agents A and B infer the

value of p; through the information from the dividend. Assume that
dpy = —k(p — p)dt + 0,dZ,,

and o ~ N(ag,bp), a normal distribution with mean ag and standard deviation by.
Agent i € {A, B} believes k = k', i = ii*,0,, = 0},,a0 = af, by = bj. Both of them learn
e through {D}._. Let puft = EA[u|{Ds} o] and puP = EP[u;|{ D, }._,]. Then following
the standard filtering results, we have (under the assumption: p;|{Ds}._o ~ N(f,v))

dpit = =k (it — p)dt + vrdz,
dpf = —k®(uf — pP)dt +vPdzP,

where dZ} = 1(dD, — pidt),i = A, B. Then
dD; = pdt + odZ,  dD, = pPdt + odZP.

Therefore, ZP + 2t is equal to Z{* almost surely, where 6, = p — p;*. In other words,
ZB + g—ttt is a standard Brownian motion under agent A’s probability measure P4,

Thus,
B

duB = —kB(uB — pByat — L-s,dt + Pz,
g

So we can obtain the general dynamics of the stochastic disagreement ¢; under learn-
ing. To validate the setting adopted in this paper, we let v4 = 0, k4 = 0, and p! = p?.
That is, we assume that Type A investors take the long-time mean of the growth rate as

the estimation and impose no learning. Then it follows that

B
o, = d(uP — p™y = — (k5 + %)@dt — KB — aP)dt + vPdz?

= —kBsdt + kP (P — p)dt + vPdZE.

Further, let k% +v8/0 = k, v® = v and (i — p?)/k = §/kP; we have reached the

mean-reverting disagreement process assumed in the paper.
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D The Fixed Point Problem

We prove the existence and uniqueness of a solution to the fixed point problem. First
of all, based on the explicit expressions of the prices, we restrict the model parameters
and the initial conditions (e.g., D1, Do) and assume that both gj,o (the price without
circuit breakers) and 5% (the market clearing price) are positive for each j =1, 2.
Recall that S o, S2,0 impact valuation of the expectations through the sum S; g+ Sz
only. When the initial stock prices are S ¢ and Sy, the threshold h is (S1,0+ S2,0)(1— ).

So, we define

E& 7 Sirar] .
fi(S10+ S20) = [TMAJTA]J:LQ-

o

and define a function f : R — R? such that f(S10+ S20) = (f1(S10 + S2.0), f2(S10 +
S20)) ", where T denotes the transpose of a vector. Then the fixed point problem is

expressed as follows.
(S10,52,0) " = f(S10+ S20)-

Define g(z) = fi(z) + fa(x) — z, where z € R. When the threshold is zero, the
circuit breaker is hardly triggered. Thus the equilibrium prices are close to the prices
5‘0,1 and 5’2@ respectively in the absence of circuit breakers. Given positive SO,I and 5”2’07
we can obtain (specifically, for a sufficiently small volatility of D;; and jump intensity
of Dyy): g(0) = f1(0) + f2(0) > 0. On the other hand, if the threshold is the sum of the
market clearing prices ST+ 55, the market is stopped immediately and the equilibrium

prices must be the market clearing prices exactly. Thus, Q(LSQO) fi( 10+SQO) +

Sg S¢ g+S5 S¢ 0+S5
f2( 0+ —20) — 141’;270 = Sy + S50 I’TLQ’O < 0. It can be shown that g(x) is a
contlnuous function. Hence, there ex1sts z* € (0, Sl’fjj”), such that g(z*) = 0. Thus
fi(@™) + fala”) =

Now define (S, S50)" = f(z*). Then 2* = fi(2*) + fo(x*) = Sio + S5, and

( io, g,o)T = f(z") = f( T,o + S;,O)'

Thus (S7g,S50)" € R? is a solution to the fixed problem. The existence is proved.
Next, we show that the solution is unique. To do so, it is sufficient to show that g(z) is
monotonic. For the sake of notional simplicity, we ignore super-script “A” of expectations
and 7! below.
Let Dy = D; o+ Dap. Given an exogenous threshold h and initial dividend sum value
Dy, let S]P0 = T++ 55, where ST, and S5, are the market clearing prices; let 7(h, Do)
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denote the stopping time; and let ﬂf 20 he the state price density, i.e.

A B
h.D yohDo  Gf+af
w0 = () 2T

We redefine

E[WT(thO)/\TSf&hD,ODO)/\T] B
E[Trf(h,Do)/\T]

where h = (1 — «). Observe that 7(h, Dy) = 7(0, Dy — h) because the stopping time is

determined by D, and 6; only. Then the market clearing (sum) price Sf&ﬁ%o) = SS’(Q%_O}i mT

h by the expressions of S7_, j = 1,2. In addition, by the definition of G, we see that

T

9(x) = g(x; Do) =

Gi(h,Dg) = Gfr(O,Do—h)v 1= A, B. Therefore

h,Dy _ _—2h _0,Do—h
iy = ¢V Ty 0.1
Thus,
h,D h,D
EI}TFT(”LPDQ)/\T ’ (ST(h,OD())/\T - .Z')]
(x; Do) =
g\x; Up) = - "Dy
[FT(h,Do)/\T]
0,Dg—h 0,Do—h
E[T‘—T(OPDO_h)/\T ’ (ST(OyoDO—h)/\T — X + h)]
- 0,Do—h
E[WT(OuODo—h)/\T]

=¢g(0; Dy — h) —x + h=g(0; Dy — h) — az.
Given hy < hg, we have 7(0, Dy — hy) > 7(0, Dy — hs). Then,

,Do—h ,Do—h Do—h
(0 e ny)] = EIET o by | 7(0, Do — ho)]] = E[r70 %",

A B
1/2 _2g%Do=P1 G70,Dg—ho) AT TC7(0,Dg —ho) AT
) e 277(0,Dg—ho)AT . o 3

]

. 677/2(h27h1)]

= E[(nr(O,Dofhz)/\T

A B
1/2 _15%Do—ha Gr(0,Dg—h) AT TE7(0,Dg—ho) AT
e 2°7(0,Dg—ha)AT . ¢ 3

= E[(UT(O,Dthz)/\T)
=K

OvDO*hQ *’V/Q(hg*hq)
[WO,DO—M]E .
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Similarly,

0,Do—h 0,Do—h _ 0,Do—h 0,Do—h

Bl 0,00—11) * Sr0.00—h1)) = BIEIT 0. Dg—n1) * Sr(0.09—hy) | T(0: Do = ha)]]
- 0,Do—h 0,Do—h —~/2(ha—h
= E[WT(O,ODOJhQ) ' T(o,(;)oth)]e V/2ha i)
> R0 Po—h2 0,Do—h2 —v/2(h2—h1)

[T(T(O,Dofhg) : T(O,Do*hg)]e .

Finally, let 7 < 29 and h; = 21(1 — @), hg = 22(1 — «). It follows that

E[ 0,Dg—h1 0,Do—hy ]

7T .
. . T(O,Do—h1)/\T T(O,D()—hl)/\T
g(x1; Do) = g(0; Dy — 1) — ary = o000 — ary
[WT(O,Do—hl)/\T]
0,Dg—ho 0,Do—h2
E[WT(O,DO—hz)/\T : ST(O,Do—hz)/\T]
= 0,Do—h3 —
E[r ]

7(0,Do—h2)ANT

= 9(0; Dy — hy) = g(x2; Do) + axy — axy > g(x2; Dy).

Thus, g(-, Dg) is monotonic. This completes the proof of uniqueness.

E The Case of Correlated Dividend Processes

To impose a correlation between dividend processes, we assume that: under P4,

dDy; = pitdt + 01dZ,,
dDy; = ppdt + oodZy + 1 yd Ny,

and under P5:

dDyy = pydt + 01dZy,
dDQ,t = ,Uth + ?(&dt + O'QdZtB + ,UdeNb
1

where u2 = pt + 6, and

d(St = —k‘(ét — (S)dt + VdZt,

or

d, = —k(6, — 8)dt + —5,dt + vdZP.
01
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Then the two dividend processes are correlated with instantaneous correlation
02
NGEETA

We assume no disagreement on jump intensity of the Poisson process N; and study the

equilibrium prices without or with circuit breakers.

E.1 The Equilibrium Prices without Circuit Breakers

The pricing formula has the same expression as that in the uncorrelated case.

A 7TAD'T
S',t_]EA|:T 2 :|7j_1727
T Ef e

where 4 = WCIE;“[?];/ . em3(DurtD2m)] - However, the two prices cannot be evaluated

separately anymore because the two dividend processes are correlated (o9 # 0).

E.2 The Equilibrium Prices with Circuit Breakers

We derive the market clearing prices when the market is closed early due to the circuit
breaker.

Type A investors need to maximize the individual utility function

max E/ [_e*W(GﬁT(Dl,T*Sl,r)+95‘,T(D2,T*52,T))] )
04,04
1,7°72,1

It results in first order conditions:

— (D17 = Si7) = i (T — 1) + 201,01 + 03, 00)00 (T — 1) = 0, (E.5)
- ’V(DQﬂ' - SQ,T) - VNQ(T - 7—) + 72(914,70-1 + 9§T02)0-2 (T - T) - ’YMJ/{AG_’Y%H” = 0.
(E.6)

For Type B investors, the optimization problem is

max ]EtB [_e—W(GET(Dl,T—51,T)+957(D2,T—52,7))] .

B B
91,7702,7
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We first obtain an expression for the following expectation for any real numbers x and y:

A(tyz,y)+C (t;z)d¢

T B_ 7B
Ei:‘s’[exft dsds+y(Z7 —Z; )] — e ,

where

% T 2 T T
Aty z,y) = E(T—T)—i-ké/t C’(s;x)ds—i—;/t C’(s;x)gds~l—yl//t C(s;x)ds,

Oftia) = = (1= 77000,

o1

Then let y = —(07, 01 + 07 02) and 2 = —y(07, + 05, %); we obtain the first order

conditions for the maximization problem of Type B:

dA(t;z,y)  dC(t;x)
oy, oy,

- /V(DLT - Sl,T) - 7/‘114(7—' —7)+ oy =0, (E.7)

dA(t;x,y)  dC(t;z)

3 = 0.
oy, oy !

—Y(Dor = Sar) = yp2(T — 1) — v (T — T)e_sz’T“" +

(E.8)

Along with the market clearing condition 93-‘}7 + HfT = 1,5 = 1,2, the four first order
conditions determine the solution Sj_, S5, (61,)%, (02,)*, that is the market clearing
prices and the share holdings at the market early closure time 7, respectively.

Next, as in the case of uncorrected dividend processes, we obtain the indirect utility
functions for Type A and Type B investors and the state price density. The equilibrium
stock prices at ¢ < 7 can be evaluated numerically by solving a fixed point problem
similar to (27)).

In the above, we deal with the case of no disagreement on the jump intensity. To

incorporate a stochastic disagreement d; into the model, we can follow the procedure in
Appendix B.2.

F Numerical Algorithms

P1: Solve for the Fixed Point Problem

Step 1. Initialize a solution and the threshold by letting Sip = 1,59 = 1 and
h = (SI,O + 52,0)(1 - a).
Step 2. Generate M pairs of sample paths of D;; and D, according to their dynamics
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and (2) and stochastic differential equations of (6)), (7) of d1, and .
Step 3. Go through each sample w: (1) Check whether the circuit breaker is triggered

at some time 7 before 7. If it is triggered, let S; ra, = S5, which is the market clearing

price at time 7. Otherwise, let S;rar = Djr. (2) Calculaft’e 7. .Sjrar and 74, for each
sample, where 74, _is calculate by Eq. (24). (3) Find the averages of the two quantities
over all samples. (4) Then let S*j,o be the ratio of the two averages.

Step 4. If ||So— Sy || < tol, we find an approximated solution to the fixed point problem

with accuracy tol. Otherwise, let Sy = Sy and go to Step 1.

P2: Find Stock Prices at any time ¢ < 7

Step 1. Using Sy obtained by P1 codes, let h = (S19+ S20)(1 — ) be the threshold
of the circuit breakers.

Step 2. Generate M pairs of sample paths of Dy, and Dy, from ¢’ to T

Step 3. Go through each sample w: (1) Check whether the circuit breaker is triggered

at some time 7 before T'. If it is triggered, let S; ra, = S5, which is the market clearing

g
price at time 7. Otherwise, let S; 75, = D;r. (2) Calculate 74, S;rar and 74, for each
sample, where 74, _is calculate by Eq. (24). (3) Find the averages of the two quantities
over all samples. (4) Then let S;, be the ratio of the two averages, that is the stock price

at time t'.

P3: Calculate Correlation and Volatilities of S;; and Sy,

Step 1. Find equilibrium prices S;; and Sy, at a give time ¢ < T by using P2 codes.

Step 2. Generate M sample pairs of (Dysyae, Doryae) given (Dyy, Day).

Step 3. For each (Dy 44 at, Datiat), calculate the equilibrium price Sy ;1ar and Sa¢yat
and find the price change AS;; = S;1ar — Sj, for j =1,2.

Step 4. Calculate the correlation of the M pairs of (ASy+, ASs;), as well as the
volatilities of AS;; and ASs ;.
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